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All Mathematical truths are relative and conditional — C.P. STEINMETZ 

4.1  Hkwfedk (Introduction)

fiNys vè;k; esa] geus vkO;wg vkSj vkO;wgksa osQ chtxf.kr osQ fo"k;

esa vè;;u fd;k gSA geus chtxf.krh; lehdj.kksa osQ fudk; dks
vkO;wgksa osQ :i esa O;Dr djuk Hkh lh[kk gSA blosQ vuqlkj jSf[kd
lehdj.kksa osQ fudk;

a1 x + b1 y = c1

a2 x + b2 y = c2

dks  1 1 1

2 2 2

a b cx
a b cy

      
             

osQ :i esa O;Dr dj ldrs gSaA vc

bu lehdj.kksa osQ fudk; dk vf}rh; gy gS vFkok ugha] bldks

a1 b2 – a2 b1 la[;k }kjk Kkr fd;k tkrk gSA (Lej.k dhft, fd

;fn 1 1

2 2

a b
a b

≠   ;k  a1 b2 – a2 b1 ≠ 0,  gks rks lehdj.kksa osQ fudk; dk gy vf}rh; gksrk gS) ;g

la[;k a1 b2 – a2 b1 tks lehdj.kksa osQ fudk; osQ vf}rh; gy Kkr djrh gS] og vkO;wg

1 1

2 2
A

a b
a b
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 ls lacaf/r gS vkSj bls A dk lkjf.kd ;k det A dgrs gSaA lkjf.kdksa dk

bathfu;fjax] foKku] vFkZ'kkL=k] lkekftd foKku bR;kfn esa foLr`r vuqiz;ksx gSaA

bl vè;k; esa] ge osQoy okLrfod izfof"V;ksa osQ 3 dksfV rd osQ lkjf.kdksa ij fopkj djsaxsA
bl vè;k; esa lkjf.kdksa osQ xq.k /eZ] milkjf.kd] lg&[k.M vkSj f=kHkqt dk {ks=kiQy Kkr djus

esa lkjf.kdksa dk vuqiz;ksx] ,d oxZ vkO;wg osQ lg[kaMt vkSj O;qRØe] jSf[kd lehdj.k osQ fudk;ksa

P.S. Laplace
(1749-1827)

vè;k; 4

lkjf.kd (Determinants)
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dh laxrrk vkSj vlaxrrk vkSj ,d vkO;wg osQ O;qRØe dk iz;ksx dj nks vFkok rhu pjkadksa osQ
jSf[kd lehdj.kksa osQ gy dk vè;;u djsaxsA

4.2  lkjf.kd (Determinant)
ge n dksfV osQ izR;sd oxZ vkO;wg A = [aij] dks ,d la[;k (okLrfod ;k lfEeJ) }kjk lacaf/r djk
ldrs gSa ftls oxZ vkO;wg dk lkjf.kd dgrs gSaA bls ,d iQyu dh rjg lkspk tk ldrk gS tks
izR;sd vkO;wg dks ,d vf}rh; la[;k (okLrfod ;k lfEeJ) ls lacaf/r djrk gSA

;fn M oxZ vkO;wgksa dk leqPp; gS] k lHkh la[;kvksa (okLrfod ;k lfEeJ) dk leqPp; gS
vkSj  f : M → K, f (A) = k, osQ }kjk ifjHkkf"kr gS tgk¡ A ∈ M vkSj k ∈ K rc f (A) , A dk
lkjf.kd dgykrk gSA bls  |A | ;k det (A) ;k Δ  osQ }kjk Hkh fu:fir fd;k tkrk gSA

;fn A = 
a b
c d

  
  
  

, rks A osQ lkjf.kd dks |A | = 
a b
c d  = det (A) }kjk fy[kk tkrk gSA

fVIi.kh
(i) vkO;wg A osQ fy,]  |A | dks A dk lkjf.kd i<+rs gSaA
(ii) osQoy oxZ vkO;wgksa osQ lkjf.kd gksrs gSaA

4.2.1  ,d dksfV osQ vkO;wg dk lkjf.kd (Determinant of a matrix of order one)

ekuk ,d dksfV dk vkO;wg A = [a ] gks rks A osQ lkjf.kd dks a osQ cjkcj ifjHkkf"kr fd;k tkrk gSA

4.2.2  f}rh; dksfV osQ vkO;wg dk lkjf.kd (Determinant of a matrix of order two)

ekuk 2 × 2 dksfV dk vkO;wg A = 11 12

21 22

a a
a a

  
  
  

 gSA

rks A osQ lkjf.kd dks bl izdkj ls ifjHkkf"kr fd;k tk ldrk gS%

det (A) = |A| = Δ =  = a11a22 – a21a12

mnkgj.k 1  
2 4
–1 2  dk eku Kkr dhft,A

gy   
2 4
–1 2  = 2 (2) – 4(–1) = 4 + 4 = 8
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mnkgj.k 2   
1

– 1
x x

x x
 

 dk eku Kkr dhft,A

gy 
1

– 1
x x

x x
 

 = x (x) – (x + 1) (x – 1)  = x2 – (x2 – 1) = x2 – x2 + 1 = 1

4.2.3  3 × 3 dksfV osQ vkO;wg dk lkjf.kd (Determinant of a matrix of order 3 × 3)
r`rh; dksfV osQ vkO;wg osQ lkjf.kd dks f}rh; dksfV osQ lkjf.kdksa esa O;Dr djosQ Kkr fd;k tkrk
gSA ;g ,d lkjf.kd dk ,d iafDr (;k ,d LraHk) osQ vuqfn'k izlj.k dgykrk gSA r`rh; dksfV
osQ lkjf.kd dks N% izdkj ls izlkfjr fd;k tkrk gS rhuksa iafDr;ksa (R1, R2 rFkk R3) esa ls izR;sd
osQ laxr vkSj rhuksa LraHk (C1, C2 rFkk C3) esa ls izR;sd osQ laxr n'kkZ, x, izlj.k leku ifj.kke
nsrs gSsa tSlk fd fuEufyf[kr fLFkfr;ksa esa Li"V fd;k x;k gSA

oxZ vkO;wg A = [aij]3 × 3 , osQ lkjf.kd ij fopkj djrs gSaA

tgk¡ | A | = 21 22 23

31 32 33

a a a
a a a

a a a11 12 13

izFke iafDr (R1) osQ vuqfn'k izlj.k

pj.k 1 R1 osQ igys vo;o  a11 dks (–1)(1 + 1) 11[(–1) ]a esa vuqyXukas dk ;kxs  vkSj lkjf.kd |A|  dh igyh

iafDr (R1) rFkk igyk LraHk (C1) osQ vo;oksa dks gVkus ls izkIr f}rh; dksfV osQ lkjf.kd ls xq.kk
dhft, D;ksafd a11, R1 vkSj C1 esa fLFkr gS

vFkkZr~ (–1)1 + 1 a11 
22 23

32 33

a a
a a

pj.k 2 D;ksafd a12, R1 rFkk C2 esa fLFkr gS blfy, R1 osQ nwljs vo;o a12 dks (–1)1 + 2

12[(–1) ]a esa vuqyXukas dk ;kxs  vkSj lkjf.kd  | A | dh igyh iafDr (R1) o nwljs LraHk (C2) dks gVkus ls izkIr

f}rh; Øe osQ lkjf.kd ls xq.kk dhft,

vFkkZr~ (–1)1 + 2a12 
21 23

31 33

a a
a a

pj.k 3 D;k s a fd a13, R1 rFkk C3 es a fLFkr gS blfy, R1 osQ rhljs vo;o dks

(–1)1 + 3 13[(–1) ]a esa vuqyXukas dk ;kxs   vkSj lkjf.kd  | A | dh igyh iafDr (R1) o rhljs LraHk (C3) dks

gVkus ls izkIr r`rh; dksfV osQ lkjf.kd ls xq.kk dhft,
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vFkkZr~ (–1)1 + 3 a13 
21 22

31 32

a a
a a

pj.k 4 vc A dk lkjf.kd vFkkZr~ | A | osQ O;atd dks mijksDr pj.k 1] 2 o 3 ls izkIr rhuksa
inksa dk ;ksx djosQ fyf[k, vFkkZr~

det A = |A| = (–1)1 + 1 a11 
22 23 21 231 2

12
32 33 31 33

(–1)
a a a a

a
a a a a

  

+ 21 221 3
13

31 32
(–1)

a a
a

a a
 

;k |A| = a11 (a22 a33 – a32 a23) – a12 (a21 a33 – a31 a23)
+ a13 (a21 a32 – a31 a22)

= a11 a22 a33 – a11 a32 a23 – a12 a21 a33 + a12 a31 a23 + a13 a21 a32

– a13 a31 a22 ... (1)

B fVIi.kh  ge pkjksa pj.kksa dk ,d lkFk iz;ksx djsaxsA

f}rh; iafDr (R2) osQ vuqfn'k izlj.k

| A | =
11 12 13

31 32 33

a a a

a a a
a a a21 22 23

R2 osQ vuqfn'k izlj.k djus ij] gesa izkIr gksrk gS

| A | = 12 13 11 132 1 2 2
21 22

32 33 31 33
(–1) (–1)

a a a a
a a

a a a a
   

11 122 3
23

31 32
(–1)

a a
a

a a
  

= – a21 (a12 a33 – a32 a13) + a22 (a11 a33 – a31 a13)
– a23 (a11 a32 – a31 a12)

| A | = – a21 a12 a33 + a21 a32 a13 + a22 a11 a33 – a22 a31 a13 – a23 a11 a32

 + a23 a31 a12

= a11 a22 a33 – a11 a23 a32 – a12 a21 a33 + a12 a23 a31 + a13 a21 a32

– a13 a31 a22 ... (2)
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igys LraHk (C1) osQ vuqfn'k izlj.k

| A | =
12 13

22 23

32 33

a a
a a
a a

11

21

31

a
a
a

C1, osQ vuqfn'k izlj.k djus ij gesa izkIr gksrk gS

| A | =
22 23 12 131 1 2 1

11 21
32 33 32 33

(–1) ( 1)
a a a a

a a
a a a a

    

+ 
12 133 1

31
22 23

(–1)
a a

a
a a

 

= a11 (a22 a33 – a23 a32) – a21 (a12 a33 – a13 a32) + a31 (a12 a23 – a13 a22)

| A | = a11 a22 a33 – a11 a23 a32 – a21 a12 a33 + a21 a13 a32 + a31 a12 a23

– a31 a13 a22

= a11 a22 a33 – a11 a23 a32 – a12 a21 a33 + a12 a23 a31 + a13 a21 a32

– a13 a31 a22 ... (3)

(1), (2) vkSj (3) ls Li"V gS fd |A | dk eku leku gSA  ;g ikBdksa osQ vH;kl osQ fy, NksM+
fn;k x;k gS fd os ;g lR;kfir djsa fd |A| dk R3, C2  vkSj C3 osQ vuqfn'k izlj.k (1)] (2)
vkSj (3) ls izkIr ifj.kkeksa osQ leku gSA

vr% ,d lkjf.kd dks fdlh Hkh iafDr ;k LraHk osQ vuqfn'k izlj.k djus ij leku eku izkIr
gksrk gSA

fVIi.kh

(i) x.kuk dks ljy djus osQ fy, ge lkjf.kd dk ml iafDr ;k LraHk osQ vuqfn'k izlj.k djsaxs
ftlesa 'kwU;ksa dh la[;k vf/dre gksrh gSA

(ii) lkjf.kdksa dk izlj.k djrs le; (–1)i + j ls xq.kk djus osQ LFkku ij] ge (i + j) osQ le ;k
fo"ke gksus osQ vuqlkj +1 ;k –1 ls xq.kk dj ldrs gSaA

(iii) eku yhft, A = 
2 2
4 0

  
  
  

 vkSj B = 
1 1
2 0

  
  
  

rks ;g fl¼ djuk ljy gS fd

A = 2B. ¯drq |A | = 0 – 8 = – 8 vkSj |B | = 0 – 2 = – 2 gSA
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voyksdu dhft, fd |A | = 4 (– 2) = 22 |B | ;k |A | = 2n |B |, tgk¡ n = 2, oxZ vkO;wgksa A
o B dh dksfV gSA

O;kid :i esa] ;fn A = kB, tgk¡ A o B oxZ vkO;wgksa dh dksfV n gS] rc | A| = kn | B |, tgk¡
n = 1, 2, 3 gSA

mnkgj.k 3 lkjf.kd Δ = 
1 2 4

–1 3 0
4 1 0

 dk eku Kkr dhft,A

gy  è;ku nhft, fd rhljs LraHk esa nks izfof"V;k¡ 'kwU; gSaA blfy, rhljs LraHk (C3) osQ vuqfn'k
izlj.k djus ij geas izkIr gksrk gS fd

Δ =
–1 3 1 2 1 2

4 – 0 0
4 1 4 1 –1 3

 

= 4 (–1 – 12) – 0 + 0  = – 52

mnkgj.k 4  Δ = 
0 sin – cos

– sin 0 sin
cos – sin 0

  
  

  
 dk eku Kkr dhft,A

gy  R1 osQ vuqfn'k izlj.k djus ij gesa izkIr gksrk gS fd

Δ =
0 sin –sin sin – sin 0

0 – sin – cos
– sin 0 cos 0 cos –sin

    
  

    

= 0 – sin α (0 – sin β cos α) – cos α (sin α sin β – 0)
= sin α sin β cos α – cos α sin α sin β = 0

mnkgj.k 5  ;fn 
3 3 2

1 4 1
x

x
  rks x osQ eku Kkr dhft,A

gy  fn;k gS fd 
3 3 2

1 4 1
x

x
 

vFkkZr~ 3 – x2 = 3 – 8
vFkkZr~ x2 = 8

vr% x = 2 2±
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iz'ukoyh 4-1

iz'u 1 ls 2 rd esa lkjf.kdksa dk eku Kkr dhft,

1.
2 4
–5 –1

2. (i)
cos – sin
sin cos

  
  

(ii)
2 – 1 – 1

1 1
x x x

x x
 

  

3. ;fn A = 
1 2
4 2

  
  
  

, rks fn[kkb, | 2A | = 4 | A |

4. ;fn A = 
1 0 1
0 1 2
0 0 4

  
  
  
    

 gks] rks fn[kkb, | 3 A | = 27 | A |

5. fuEufyf[kr lkjf.kdksa dk eku Kkr dhft,

(i)
3 –1 –2
0 0 –1
3 –5 0

(ii)
3 – 4 5
1 1 –2
2 3 1

(iii)
0 1 2
–1 0 –3
–2 3 0

(iv)
2 –1 –2
0 2 –1
3 –5 0

6. ;fn A = 
1 1 –2
2 1 –3
5 4 –9

  
  
  
    

, gks rks | A | Kkr dhft,A

7. x osQ eku Kkr dhft, ;fn

(i)
2 4 2 4
5 1 6

x
x

 (ii)
2 3 3
4 5 2 5

x
x
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8. ;fn 
2 6 2

18 18 6
x

x
  gks rks x cjkcj gS%

(A) 6 (B) ± 6 (C) – 6 (D) 0

4.3 lkjf.kdksa osQ xq.k/eZ (Properties of Determinants)

fiNys vuqPNsn esa geus lkjf.kdksa dk izlj.k djuk lh[kk gSA bl vuqPNsn esa ge lkjf.kdksa osQ oqQN
xq.k/eks±  dks lwphc¼ djsaxs ftlls ,d iafDr ;k LraHk esa 'kwU; dh la[;kvksa dks vf/dre izkIr
djus ls budk eku Kkr djuk ljy gks tkrk gSA ;s xq.k/eZ fdlh Hkh dksfV osQ lkjf.kd osQ fy,
lR; gSa ¯drq ge Lo;a dks bUgsa osQoy rhljh dksfV rd osQ lkjf.kdksa rd lhfer j[ksaxsA

xq.k/eZ 1 fdlh lkjf.kd dk eku bldh iafDr;ksa vkSj LraHkksa osQ ijLij ifjofrZr djus ij
vifjofrZr jgrk gSA

lR;kiu – eku yhft, Δ = 
1 2 3

1 2 3

1 2 3

a a a
b b b
c c c

izFke iafDr osQ vuqfn'k izlj.k djus ij] ge izkIr djrs gSa fd

Δ =
2 3 1 3 1 2

1 2 3
2 3 1 3 1 2

b b b b b b
a a a

c c c c c c
  

= a1 (b2 c3 – b3 c2) – a2 (b1 c3 – b3 c1) + a3 (b1 c2 – b2 c1)
Δ dh iafDr;ksa dks LraHkksa esa ifjofrZr djus ij gesa lkjf.kd

Δ1 =
1 1 1

2 2 2

3 3 3

a b c
a b c
a b c

 izkIr gksrk gSA

Δ1 dks izFke LraHk osQ vuqfn'k izlj.k djus ij ge ikrs gSa fd
Δ1 = a1 (b2 c3 – c2 b3) – a2 (b1 c3 – b3 c1) + a3 (b1 c2 – b2 c1)

vr% Δ = Δ1

fVIi.kh  mi;qZDr O;k[;k ls Li"V gS fd ;fn A ,d oxZ vkO;wg gS rks det (A) = det (A′), tgk¡
A′, Α dk ifjorZ  gSA

B fVIi.kh   ;fn Ri = i oha iafDr vkSj Ci = i ok¡ LraHk gS] rks iafDr;ksa vkSj LraHkksa osQ ijLij
ifjorZu dks ge laosQru esa Ci ↔ Ri fy[ksaxsA

vkb, ge mijksDr xq.k/eZ dks mnkgj.k }kjk lR;kfir djsaA
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mnkgj.k 6  Δ = 
2 –3 5
6 0 4
1 5 –7

 osQ fy, xq.k/eZ 1 dk lR;kiu dhft,A

gy  lkjf.kd dk izFke iafDr osQ vuqfn'k izlj.k djus ij]

Δ =
0 4 6 4 6 0

2 – (–3) 5
5 –7 1 –7 1 5

 

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)
= – 40 – 138 + 150 = – 28

iafDr;ksa vkSj LraHkksa dks ijLij ifjorZu djus ij gesa izkIr gksrk gSA

Δ1 =
2 6 1
–3 0 5
5 4 –7

     (igys LraHk osQ vuqfn'k izlj.k djus ij)

=
0 5 6 1 6 1

2 – (–3) 5
4 –7 4 –7 0 5

 

= 2 (0 – 20) + 3 (– 42 – 4) + 5 (30 – 0)
= – 40 – 138 + 150 = – 28

Li"Vr% Δ = Δ1

vr% xq.k/eZ 1 lR;kfir gqvkA

xq.k/eZ 2 ;fn ,d lkjf.kd dh dksbZ nks iafDr;ksa (;k LraHkksa) dks ijLij ifjofrZr dj fn;k tkrk
gS] rc lkjf.kd dk fpÉ ifjofrZr gks tkrk gSA

lR;kiu  eku yhft, Δ = 
1 2 3

1 2 3

1 2 3

a a a
b b b
c c c

izFke iafDr osQ vuqfn'k izlj.k djus ij ge ikrs gSa

Δ = a1 (b2 c3 – b3 c2) – a2 (b1 c3 – b3 c1) + a3 (b1 c2 – b2 c1)

igyh vkSj rhljh iafDr;ksa dks ijLij ifjofrZr djus vFkkZr~ R2↔R3 ls izkIr u;k lkjf.kd
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Δ1 =
1 2 3

1 2 3

1 2 3

c c c
b b b
a a a

gSA bls rhljh iafDr osQ vuqfn'k izlj.k djus ij]

Δ1  = a1 (c2 b3 – b2 c3) – a2 (c1 b3 – c3 b1) + a3 (b2 c1  – b1 c2)
=  – [a1 (b2 c3 – b3 c2) – a2 (b1 c3 – b3 c1) + a3 (b1 c2 – b2 c1)] izkIr gksrk gSA

;g Li"V gS fd Δ1 = – Δ

blh izdkj] ge fdUgha nks LraHkksa dks ijLij ifjofrZr djds mDr ifj.kke dks lR;kfir dj ldrs gSaA

B fVIi.kh   ge iafDr;ksa osQ ijLij ifjorZu dks Ri ↔ Rj vkSj LraHkksa osQ ijLij ifjorZu dks

Ci ↔ Cj osQ }kjk fufnZ"V djrs gSaA

mnkgj.k 7 ;fn Δ = 
2 –3 5
6 0 4
1 5 –7

 gS rks xq.k/eZ 2 dk lR;kiu dhft,A

gy  ge Kkr dj pqosQ gSa fd Δ = 
2 –3 5
6 0 4
1 5 –7

 = – 28 (nsf[k, mnkgj.k 6)

R2 vkSj R3 dks ijLij ifjofrZr djus ij vFkkZr~ R2 ↔ R3 ls

Δ1 =
2 –3 5
1 5 –7
6 0 4

izkIr gksrk gSA

lkjf.kd Δ1 dks igyh iafDr osQ vuqfn'k izlj.k djus ij ge izkIr djrs gSa fd

Δ1 =
5 –7 1 –7 1 5

2 – (–3) 5
0 4 6 4 6 0

 

= 2 (20 – 0) + 3 (4 + 42) + 5 (0 – 30)
= 40 + 138 – 150 = 28

Li"Vr;k Δ1 = – Δ
vr% xq.k/eZ 2 lR;kfir gqvkA
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xq.k/eZ 3 ;fn ,d lkjf.kd dh dksbZ nks iafDr;k¡ (vFkok LraHk) leku gSa (lHkh laxr vo;o
leku gSa)] rks lkjf.kd dk eku 'kwU; gksrk gSA

miifÙk  ;fn ge lkjf.kd Δ dh leku iafDr;ksa (;k LraHkksa) dks ijLij ifjofrZr dj nsrs gaS rks Δ
dk eku ifjofrZr ugha gksrk gSA

rFkkfi] xq.k/eZ 2 osQ vuqlkj  Δ dk fpÉ cny x;k gSA

blfy, Δ = – Δ
;k Δ = 0
vkb, ge mijksDr xq.k/eZ dk ,d mnkgj.k osQ }kjk lR;kiu djrs gSaA

mnkgj.k 8  Δ = 
3 2 3
2 2 3
3 2 3

 dk eku Kkr dhft,A

gy  igyh iafDr osQ vuqfn'k izlj.k djus ij ge izkIr djrs gSa fd
Δ = 3 (6 – 6) – 2 (6 – 9) + 3 (4 – 6)

 = 0 – 2 (–3) + 3 (–2) = 6 – 6 = 0
;gk¡ R2 vkSj R3 leku gSaA
xq.k/eZ 4 ;fn ,d lkjf.kd osQ fdlh ,d iafDr (vFkok LraHk) osQ izR;sd vO;o dks ,d vpj
k, ls xq.kk djrs gSa rks mldk eku Hkh k ls xqf.kr gks tkrk gSA

lR;kiu eku yhft, Δ =
1 1 1

2 2 2

3 3 3

a b c
a b c
a b c

bldh izFke iafDr osQ vo;oksa dks k ls xq.kk djus ij izkIr lkjf.kd Δ1 gS rks

Δ1 =
1 1 1

2 2 2

3 3 3

k a k b k c
a b c
a b c

izFke iafDr osQ vuqfn'k izlj.k djus ij] ge izkIr djrs gSa fd
Δ1 = k a1 (b2 c3 – b3 c2) – k b1 (a2 c3 – c2 a3) + k c1 (a2  b3 – b2 a3)

= k [a1 (b2 c3 – b3 c2) – b1 (a2 c3 – c2 a3) + c1 (a2 b3 – b2 a3)] = k Δ

vr%
1 1 1

2 2 2

3 3 3

k a k b k c
a b c
a b c

 = k 
1 1 1

2 2 2

3 3 3

a b c
a b c
a b c
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fVIi.kh

(i) bl xq.k/eZ osQ vuqlkj] ge ,d lkjf.kd dh fdlh ,d iafDr ;k LrHkksa ls lkoZ mHk;fu"B
xq.ku[kaM ckgj fudky ldrs gSaA

(ii) ;fn ,d lkjf.kd dh fdUgha nks iafDr;ksa (;k LraHkksa) osQ laxr vo;o lekuqikrh (mlh
vuqikr esa) gS] rc mldk eku 'kwU; gksrk gSA mnkgj.kr%

Δ = 
1 2 3

1 2 3

1 2 3

a a a
b b b

k a k a k a
 = 0 (iafDr;k¡ R2 o R3 lekuqikrh gS)

mnkgj.k 9  lkjf.kd 

102 18 36
1 3 4

17 3 6
dk eku Kkr dhft,

gy è;ku nhft, fd 
6(17) 6(3) 6(6) 17 3 6102 18 36

1 3 4 1 3 4 6 1 3 4 0
17 3 6 17 3 6 17 3 6

   

(xq.k/eZ 3 vkSj 4 )

xq.k/eZ 5  ;fn ,d lkjf.kd dh ,d iafDr ;k LraHk osQ oqQN ;k lHkh vo;o nks (;k vf/d)
inksa osQ ;ksxiQy osQ :i esa O;Dr gksa rks lkjf.kd dks nks (;k vf/d) lkjf.kdksa osQ ;ksxiQy osQ
:i esa O;Dr fd;k tk ldrk gSA

mnkgj.kr;k
1 1 2 2 3 3

1 2 3

1 2 3

a a a
b b b
c c c

      
 = 

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a
b b b b b b
c c c c c c

   
 

lR;kiu   ck¡;k i{k =
1 1 2 2 3 3

1 2 3

1 2 3

a a a
b b b
c c c

      

izFke iafDr osQ vuqfn'k izlj.k djus ij ge ikrs gSa fd

Δ = (a1 + λ1) (b2 c3 – c2 b3) – (a2 + λ2) (b1 c3 – b3 c1)
+ (a3 + λ3) (b1 c2 – b2 c1)
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= a1 (b2 c3 – c2 b3) – a2 (b1 c3 – b3 c1) + a3 (b1 c2 – b2 c1)
+ λ1 (b2 c3 – c2 b3) – λ2 (b1 c3 – b3 c1) + λ3 (b1 c2 – b2 c1)

(inksa dks O;ofLFkr djus ij)

 =
1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a
b b b b b b
c c c c c c

   
  = nk¡;k i{k

blh izdkj nwljh iafDr;ksa o LraHkksa osQ fy, ge xq.k/eZ 5 dk lR;kiu dj ldrs gSaA

mnkgj.k 10 n'kkZb, fd 2 2 2 0
a b c

a x b y c z
x y z

    

gy ge tkurs gSa fd 2 2 2
a b c

a x b y c z
x y z

     = 2 2 2
a b c a b c
a b c x y z
x y z x y z

 

(xq.k/eZ 5 osQ }kjk)

= 0 + 0 = 0 (xq.k/eZ 3 vkSj 4 dk iz;ksx djus ij)

xq.k/eZ 6 ;fn ,d lkjf.kd osQ fdlh iafDr ;k LraHk osQ izR;sd vo;o esa] nwljh iafDr ;k LraHk

osQ laxr vo;oksa osQ leku xq.ktksa dks tksM+ fn;k tkrk gS rks lkjf.kd dk eku ogh jgrk gSA vFkkZr~]
;fn ge  Ri  → Ri + kRj ;k Ci → Ci + k Cj  dk iz;ksx djsa rks lkjf.kd dk eku ogh jgrk gSA
lR;kiu

eku yhft, Δ =
1 2 3

1 2 3

1 2 3

a a a
b b b
c c c

 vkSj Δ1 = 
1 1 2 2 3 3

1 2 3

1 2 3

a k c a k c a k c
b b b
c c c

   
,

tgk¡ Δ1 lafØ;k R1 → R1 + kR3  osQ iz;ksx }kjk izkIr gksrk gS

;gk¡ ge rhljh iafDr (R3) osQ vo;oksa dks vpj k ls xq.kk djosQ vkSj mUgsa igyh iafDr (R1) osQ
laxr vo;oksa esa tksM+rs gSaA
laosQru }kjk bl lafØ;k dks bl izdkj fy[krs gSa fd R1 → R1 + k R3
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vc iqu%

Δ1 =
1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

a a a k c k c k c
b b b b b b
c c c c c c

  (xq.k/eZ 5 osQ }kjk)

= Δ + 0 (tc fd R1 vkSj R3 lekuqikrh gSa)
vr% Δ = Δ1

fVIi.kh

(i) ;fn lkjf.kd Δ esa Ri → kRi  ;k Ci → kCi osQ iz;ksx ls izkIr lkjf.kd Δ1 gS] rks
Δ1 = kΔ.

(ii) ;fn ,d lkFk Ri → Ri + kRj tSlh lafØ;kvksa dk ,d ls vf/d ckj iz;ksx fd;k x;k
gks rks è;ku nsuk pkfg, fd igyh lafØ;k ls izHkkfor iafDr dk vU; lafØ;k esa iz;ksx ugha
gksuk pkfg,A Bhd blh izdkj dh fVIi.kh LraHkksa dh lafØ;kvksa esa iz;ksx dh tkrh gSA

mnkgj.k 11 fl¼ dhft, fd Δ = 32 3 2 4 3 2
3 6 3 10 6 3

a a b a b c
a a b a b c a
a a b a b c

   
    
   

gy  lkjf.kd Δ esa R2 → R2 – 2R1 vkSj R3 → R3 – 3R1 dk iz;ksx djus ij ge ikrs gSa fd

Δ = 0 2
0 3 7 3

a a b a b c
a a b
a a b

   
 
 

iqu% R3 → R3 – 3R2 , dk iz;ksx djus ls ge ikrs gSa fd

Δ = 0 2
0 0

a a b a b c
a a b

a

   
 

C1 osQ vuqfn'k izlj.k djus ij

Δ =
2

0
a a b

a
a
 

 + 0 + 0

= a (a2 – 0) = a (a2) = a3 izkIr gksrk gSA
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mnkgj.k 12 izlj.k fd, fcuk fl¼ dhft, fd

Δ = 0
1 1 1

x y y z z x
z x y
   

 

gy  Δ esa R1 → R1 + R2 dk iz;ksx djus ij ge ikrs gSa

Δ =
1 1 1

x y z x y z x y z
z x y

      

vc R1 vkSj R3 osQ vo;o lekuqikrh gSaA

blfy, Δ = 0

mnkgj.k 13 fuEufyf[kr dk eku Kkr dhft,

Δ =
1
1
1

a bc
b ca
c ab

gy  R2 → R2 – R1 vkSj R3 → R3 – R1, dk iz;ksx djus ij ge ikrs gSa fd

Δ =
1
0 ( )
0 ( )

a bc
b a c a b
c a b a c

  
  

R2 vkSj R3 ls Øe'k% (b – a) vkSj (c – a) mHk;fu"B ysus ij ge ikrs gSa fd

Δ =
1

( ) ( ) 0 1 –
0 1 –

a bc
b a c a c

b
  

= (b – a) (c – a) [(– b + c)] (igys LraHk osQ vuqfn'k izlj.k djus ij)
= (a – b) (b – c) (c – a)
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mnkgj.k 14 fl¼ dhft, fd 4
b c a a

b c a b abc
c c a b

 
  

 

gy eku yhft,

Δ =
b c a a

b c a b
c c a b

 
 

 

lkjf.kd ij R1 → R1 – R2 – R3 dk iz;ksx djus ij ge ikrs gSa fd

Δ =
0 –2 –2c b
b c a b
c c a b

 
 

R1 osQ vuqfn'k izlj.k djus ij ge ikrs gSa fd

Δ = 0 – (–2 )
c a b b b

c
c a b c a b
 

   (–2 )
b c a

b
c c

 
 

= 2 c (a b + b2 – bc) – 2 b (b c – c2 – ac)
= 2 a b c + 2 cb2 – 2 bc2 – 2 b2c + 2 bc2 + 2 abc
= 4 abc

mnkgj.k 15 ;fn x, y, z fofHkUu gksa vkSj 

2 3

2 3

2 3

1

1 0

1

x x x

y y y

z z z

 

    

 
,

rks n'kkZb, fd 1 + xyz = 0

gy gesa Kkr gS Δ = 

2 3

2 3

2 3

1

1

1

x x x

y y y

z z z

 

 

 

Δ =

2 2 3

2 2 3

2 2 3

1

1

1

x x x x x

y y y y y

z z z z z

  (xq.k/eZ 5 osQ iz;ksx }kjk)
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=

2 2

2 2 2

2 2

1 1

( 1) 1 1

1 1

x x x x

y y xyz y y

z z z z

   (C3↔ C2 vkSj rc C1 ↔ C2 osQ iz;ksx }kjk)

=

2

2

2

1

1 (1 )

1

x x

y y xyz

z z

 

=   
2

2 2

2 2

1

1 0

0

x x

xyz y x y x

z x z x

   

  

(R2→R2– R1 vkSj R3 → R3–R1 dk iz;ksx djus ij)

R2 ls (y – x) vkSj R3 ls (z – x) mHk;fu"B ysus ij ge izkIr djrs gSa fd

Δ =

21
(1+ ) ( – ) ( – ) 0 1

0 1

x x
xyz y x z x y x

z x
 
 

= (1 + xyz) (y – x) (z – x) (z – y)  (C1 osQ vuqfn'k izlj.k djus ij)
pw¡fd Δ = 0 vkSj x, y vkSj z  lHkh fHkUu gSa]
vr% x – y ≠ 0, y – z ≠ 0, z – x ≠ 0, ls gesa 1 + xyz = 0 izkIr gksrk gSA

mnkgj.k 16 n'kkZb, fd 
1 1 1

1 1 11 1 1 1
1 1 1

a
b abc abc bc ca ab

a b c
c

 
               

 
gy  R1, R2 vkSj R3 esa ls Øe'k%  a, b vkSj c mHk;fu"B ysus ij ge izkIr djrs gSa fd

ck¡;k i{k  =

1 1 1
1

1 1 11

1 1 1 1

a a a

abc
b b b

c c c

 

 

 

R1→ R1 + R2 + R3 dk iz;ksx djus ij ge ikrs gSa fd
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Δ =

1 1 1 1 1 1 1 1 11 1 1

1 1 11

1 1 1 1

a b c a b c a b c

abc
b b b

c c c

+ + + + + + + + +

+

+

;k Δ =

1 1 1
1 1 1 1 1 11+ 1

1 1 1 1

abc
a b c b b b

c c c

⎛ ⎞+ + +⎜ ⎟
⎝ ⎠

+

vc C2 → C2 – C1 vkSj C3 → C3 – C1 dk iz;ksx djus ij ge ikrs gSa fd

Δ =

1 0 0
1 1 1 11+ 1 0

1 0 1

abc
a b c b

c

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

= ( )1 1 11 1 1– 0abc
a b c

⎛ ⎞+ + + ⎡ ⎤⎜ ⎟ ⎣ ⎦⎝ ⎠

=
1 1 11+abc
a b c

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

 = abc + bc + ca + ab = nk¡;k i{k

B fVIi.kh  vU; fof/ }kjk  C1 → C1 – C2 o C3 → C3 – C2, dk vuqiz;ksx djosQ rFkk

C1→ C1 – a C3 dk iz;ksx djosQ mijksDr mnkgj.k dks gy djus dk iz;Ru djsaA

iz'ukoyh  4.2

fcuk izlj.k fd, vkSj lkjf.kdksa osQ xq.k/eks± dk iz;ksx djosQ fuEufyf[kr iz'u 1 ls 5 dks fl¼
dhft,A

1. 0
x a x a
y b y b
z c z c

+
+ =
+

2. 0
a b b c c a
b c c a a b
c a a b b c

   
    
   

3. 
2 7 65
3 8 75 0
5 9 86

=
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4.
( )
( )
( )

1
1 0
1

bc a b c
ca b c a
ab c a b

+
+ =
+

5. 2
b c q r y z a p x
c a r p z x b q y
a b p q x y c r z

+ + +
+ + + =
+ + +

lkjf.kdksa osQ xq.k/eks± dk iz;ksx djosQ iz'u 6 ls 14 rd dks fl¼ dhft,%

6.

0
0 0

0

a b
a c

b c

−
− − =    7.

2

2 2 2 2

2

4
a ab ac

ba b bc a b c
ca cb c

−
− =

−

8. (i)  ( )( )( )
2

2

2

1
1
1

a a
b b a b b c c a
c c

= − − −

(ii)  ( )( )( )( )
3 3 3

1 1 1
a b c a b b c c a a b c
a b c

= − − − + +

9.

2

2

2

x x yz
y y zx
z z xy

= (x – y) (y – z) (z – x) (xy + yz + zx)

10. (i)  ( )( )2

4 2 2
2 4 5 4 4
2 2 4

x+ x x
x x+ 2x x x
x x x+

= + −

(ii)    2 3
y+ k y y

y y + k y k y k
y y y + k

  

11. (i)    3

2 2
2 2
2 2

a b c a a
b b c a b a b c
c c c a b
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(ii)  ( )3
2

2 2
2

x y z x y
z y z x y x y z
z x z x y

+ +
+ + = + +

+ +

12.   
2

22 3

2

1
1 1

1

x x
x x x
x x

  

13. ( )
2 2

32 2 2 2

2 2

1 2 2

2 1 2 1

2 2 1

a b ab b

ab a b a a b

b a a b

+ − −

− + = + +

− − −

14.

2

2 2 2 2

2

1
1 1

1

a ab ac
ab b bc a b c
ca cb c

 
     

 

iz'u la[;k 15 rFkk 16 esa lgh mÙkj pqfu,A
15. ;fn A ,d 3 × 3 dksfV dk oxZ vkO;wg gS rks | kA| dk eku gksxk%

(A) k | A | (B) k2 | A | (C) k3 | A | (D) 3k | A |
16. fuEufyf[kr esa ls dkSu lk dFku lgh gSA

(A) lkjf.kd ,d oxZ vkO;wg gSA

(B) lkjf.kd ,d vkO;wg ls lac¼ ,d la[;k gSA

(C) lkjf.kd ,d oxZ vkO;wg ls lac¼ ,d la[;k gSA

(D) buesa ls dksbZ ughaA

4.4  f=kHkqt dk {ks=kiQy (Area of a Triangle)
geus fiNyh d{kkvksa esa lh[kk gS fd ,d f=kHkqt ftlosQ 'kh"kZ̄ cnq (x1, y1), (x2, y2) rFkk (x3, y3),

gksa rks mldk {ks=kiQy O;atd 1
2

[x1(y2–y3) + x2 (y3–y1) + x3 (y1–y2)] }kjk O;Dr fd;k tkrk

gSA vc bl O;atd dks lkjf.kd osQ :i esa bl izdkj fy[kk tk ldrk gS%

Δ =
1 1

2 2

3 3

1
1 1
2

1

x y
x y
x y

... (1)
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fVIi.kh

(i) D;ksafd {ks=kiQy ,d /ukRed jkf'k gksrh gS blfy, ge lnSo (1) esa lkjf.kd dk fujis{k
eku ysrs gSaA

(ii) ;fn {ks=kiQy fn;k gks rks x.kuk osQ fy, lkjf.kd dk /ukRed vkSj ½.kkRed nksuksa ekuksa dk
iz;ksx dhft,A

(iii) rhu lajs[k ¯cnqvksaa ls cus f=kHkqt dk {ks=kiQy 'kwU; gksxkA

mnkgj.k 17 ,d f=kHkqt dk {ks=kiQy Kkr dhft, ftlosQ 'kh"kZ (3, 8), (–  4, 2) vkSj (5, 1) gSaA

gy f=kHkqt dk {ks=kiQy%

Δ =
3 8 1

1 4 2 1
2

5 1 1
–    =  ( ) ( ) ( )1 3 2 1 8 4 5 1 4 10

2
– – – – – –⎡ + ⎤⎣ ⎦

 = ( )1 613 72 14
2 2

–+ =

mnkgj.k 18 lkjf.kdksa dk iz;ksx djosQ A(1, 3) vkSj B (0, 0) dks tksM+us okyh js[kk dk lehdj.k
Kkr dhft, vkSj k dk eku Kkr dhft, ;fn ,d ¯cnq D(k, 0) bl izdkj gS fd Δ ABD dk
{ks=kiQy 3 oxZ bdkbZ gSA

gy eku yhft,  AB ij dksbZ ¯cnq P (x, y) gS rc Δ ABP dk {ks=kiQy =  0 (D;ksa?)

blfy,

0 0 1
1 1 3 1
2

1x y
 = 0

blls izkIr gS ( )1 3
2

y – x  = 0 ;k y = 3x

tks vHkh"V js[kk AB dk lehdj.k gSA
fdarq  Δ ABD dk {ks=kiQy 3 oxZ bdkbZ fn;k gS vr%

1 3 1
1 0 0 1
2

0 1k
 = ± 3  gesa izkIr gS  3 3

2
k−
= ± , i.e., k = ∓  2
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iz'ukoyh 4-3

1. fuEufyf[kr izR;sd esa fn, x, 'kh"kZ ¯cnqvksa okys f=kHkqtksa dk {ks=kiQy Kkr dhft,A

(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (–2, –3), (3, 2), (–1, –8)

2. n'kkZb, fd ¯cnq A (a, b + c), B (b, c + a) vkSj C (c, a + b) lajs[k gSaA

3. izR;sd esa k dk eku Kkr dhft, ;fn f=kHkqtksa dk {ks=kiQy 4 oxZ bdkbZ gS tgk¡ 'kh"kZ̄ cnq
fuEufyf[kr gaS%
(i) (k, 0), (4, 0), (0, 2) (ii) (–2, 0), (0, 4), (0, k)

4. (i) lkjf.kdksa dk iz;ksx djosQ (1, 2) vkSj (3, 6) dks feykus okyh js[kk dk lehdj.k Kkr
dhft,A

(ii) lkjf.kdksa dk iz;ksx djosQ (3, 1) vkSj (9, 3) dks feykus okyh js[kk dk lehdj.k Kkr
dhft,A

5. ;fn 'kh"kZ (2, –6), (5, 4) vkSj (k, 4) okys f=kHkqt dk {ks=kiQy 35 oxZ bdkbZ gks rks k dk
eku gS%
(A) 12 (B) –2 (C) –12, –2 (D) 12, –2

4.5  milkjf.kd vkSj lg[kaM (Minor and Co-factor)
bl vuqPNsn esa ge milkjf.kdksa vkSj lg[kaMksa dk iz;ksx djosQ lkjf.kdks osQ izlj.k dk foLr`r :i
fy[kuk lh[ksaxsA

ifjHkk"kk 1 lkjf.kd osQ vo;o aij dk milkjf.kd ,d lkjf.kd gS tks i oh iafDr vkSj j ok¡ LraHk
ftlesa vo;o aij fLFkr gS] dks gVkus ls izkIr gksrk gSA vo;o aij osQ milkjf.kd dks  Mij osQ }kjk
O;Dr djrs gSaA

fVIi.kh  n(n ≥ 2) Øe osQ lkjf.kd osQ vo;o dk milkjf.kd n – 1 Øe dk lkjf.kd gksrk gSA

mnkgj.k 19 lkjf.kd 
1 2 3
4 5 6
7 8 9

Δ =  esa vo;o 6 dk milkjf.kd Kkr dhft,A

gy  D;ksafd 6 nwljh iafDr ,oa r`rh; LraHk esa fLFkr gSA blfy, bldk milkfj.kd = M23

fuEufyf[kr izdkj ls izkIr gksrk gSA

M23 =
1 2
7 8  = 8 – 14 = – 6 (Δ ls R2 vkSj C3 gVkus ij)
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ifjHkk"kk 2 ,d vo;o aij  dk lg[kaM ftls Aij }kjk O;Dr djrs gSa] tgk¡

Aij = (–1)i + j Mij,
osQ }kjk ifjHkkf"kr djrs gSa tgk¡ aij  dk milkjf.kd Mij gSA

mnkgj.k 20 lkjf.kd 
1 2
4 3

–
 osQ lHkh vo;oksa osQ milkjf.kd o lg[kaM Kkr dhft,A

gy vo;o aij dk milkjf.kd Mij gSA

;gk¡ a11 = 1, blfy, M11 = a11dk milkjf.kd = 3

M12
 = vo;o a12 dk milkjf.kd = 4

M21 = vo;o a21 dk milkjf.kd = – 2

M22 = vo;o a22 dk milkjf.kd = 1

vc aij dk lg[kaM Aij gSA blfy,
A11 = (–1)1 + 1  M11 = (–1)2 (3) = 3
A12 = (–1)1 + 2  M12 = (–1)3 (4) = – 4
A21 = (–1)2 + 1  M21 = (–1)3 (–2) = 2
A22 = (–1)2 + 2  M22 = (–1)4 (1) = 1

mnkgj.k 21 Δ =  
11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 osQ vo;oksa a11 rFkk a21 osQ milkjf.kd vkSj lg[kaM

Kkr dhft,A

gy milkjf.kd vkSj lg[kaM dh ifjHkk"kk }kjk ge ikrs gSa%

a11 dk milkjf.kd = M11 = 
22 23

32 33

a a
a a  = a22 a33– a23 a32

a11 dk lg[kaM = A11 = (–1)1+1  M11 = a22 a33 – a23 a32

a21 dk milkjf.kd = M21 = 
12 13

32 33

a a
a a  = a12 a33 – a13 a32

a21 dk lg[kaM = A21 = (–1)2+1  M21 = (–1) (a12 a33 – a13 a32) = – a12 a33 + a13 a32
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fVIi.kh  mnkgj.k 21 esa lkjf.kd ΔΔΔΔΔ dk R1 osQ lkis{k izlj.k djus ij ge ikrs gSa fd

Δ = (–1)1+1 a11 
22 23

32 33

a a
a a + (–1)1+2 a12 

21 23

31 33

a a
a a  + (–1)1+3  a13 

21 22

31 32

a a
a a

= a11 A11 + a12 A12 + a13 A13, tgk¡ aij dk lg[kaM Aij gSaA

= R1 osQ vo;oksa vkSj muosQ laxr lg[kaMksa osQ xq.kuiQy dk ;ksxA

blh izdkj Δ dk R2, R3, C1, C2 vkSj C3 osQ vuqfn'k 5 izlj.k vU; izdkj ls gSaA

vr% lkjf.kd Δ , fdlh iafDr (;k LraHk) osQ vo;oksa vkSj muosQ laxr lg[kaMksa osQ xq.kuiQy
dk ;ksx gSA

B fVIi.kh  ;fn ,d iafDr (;k LraHk) osQ vo;oksa dks vU; iafDr (;k LraHk) osQ lg[kaMksa

ls xq.kk fd;k tk, rks mudk ;ksx 'kwU; gksrk gSA mnkgj.kr;k] ekuk Δ = a11 A21 + a12 A22

+ a13 A23  rc%

Δ = a11 (–1)1+1 
12 13

32 33

a a
a a + a12 (–1)1+2 11 13

31 33

a a
a a

+ a13 (–1)1+3 11 12

31 32

a a
a a

=
11 12 13

11 12 13

31 32 33

a a a
a a a
a a a

 = 0 ( D;ksafd R1 vkSj R2 leku gSa)

blh izdkj ge vU; iafDr;ksa vkSj LraHkksa osQ fy, iz;Ru dj ldrs gSaA

mnkgj.k 22 lkjf.kd  
2 3 5
6 0 4
1 5 7

–

–
 osQ vo;oksa osQ milkjf.kd vkSj lg[kaM Kkr dhft, vkSj

lR;kfir dhft, fd a11 A31 + a12 A32 + a13 A33= 0 gSA

gy ;gk¡    M11 = 
0 4
5 7–  = 0 –20 = –20;  blfy,  A11 = (–1)1+1 (–20) = –20

M12 = 
6 4
1 7–  = – 42 – 4 = – 46; blfy, A12 = (–1)1+2 (– 46) = 46

M13 = 
6 0
1 5  = 30 – 0 = 30; blfy,  A13 = (–1)1+3 (30) = 30
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M21 = 
3 5

5 7
–

–  = 21 – 25 = – 4;  blfy, A21 = (–1)2+1 (– 4) = 4

M22 = 
2 5
1 7–  = –14 – 5 = –19;  blfy, A22 = (–1)2+2 (–19) = –19

M23 = 
2 3
1 5

–
 = 10 + 3 = 13; blfy,  A23 = (–1)2+3 (13) = –13

M31 = 
3 5

0 4
–

 = –12 – 0 = –12;  blfy, A31 = (–1)3+1 (–12) = –12

M32 = 
2 5
6 4  = 8 – 30 = –22; blfy,  A32 = (–1)3+2 (–22) = 22

vkSj M33 = 
2 3
6 0

–
 = 0 + 18 = 18; blfy,  A33 = (–1)3+3 (18) = 18

vc a11 = 2, a12 = –3, a13 = 5;  rFkkA31 = –12, A32 = 22, A33 = 18 gSA

blfy, a11 A31 + a12 A32 + a13 A33

         = 2 (–12) + (–3) (22) + 5 (18) = –24 – 66 + 90 = 0

iz'ukoyh 4-4

fuEufyf[kr lkjf.kdksa osQ vo;oksa osQ milkjf.kd ,oa lg[kaM fyf[k,A

1. (i)  
2 4
0 3

–
(ii)

a c
b d

2. (i)  
1 0 0
0 1 0
0 0 1

(ii)

1 0 4
3 5 1
0 1 2

–

3. nwljh iafDr osQ vo;oksa osQ lg[kaMksa dk iz;ksx djosQ  Δ = 
5 3 8
2 0 1
1 2 3

 dk eku Kkr dhft,A
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4. rhljs LraHk osQ vo;oksa osQ lg[kaMksa dk iz;ksx djosQ  Δ = 

1
1
1

x yz
y zx
z xy

dk eku Kkr dhft,A

5. ;fn Δ = 
11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 vkSj aij dk lg[kaM Aij gks rks Δ dk eku fuEufyf[kr :i esa

O;Dr fd;k tkrk gS%

(A) a11 A31+ a12 A32 + a13 A33 (B) a11 A11+ a12 A21 + a13 A31

(C) a21 A11+ a22 A12 + a23 A13 (D) a11 A11+ a21 A21 + a31 A31

4.6  vkO;wg osQ lg[kaMt vkSj O;qRØe (Adjoint and Inverse of a Matrix)

fiNys vè;k; esa geus ,d vkO;wg osQ O;qRØe dk vè;;u fd;k gSA bl vuqPNsn esa ge ,d

vkO;wg osQ O;qRØe osQ vfLrRo osQ fy, 'krks± dh Hkh O;k[;k  djsaxsA

A–1 Kkr djus osQ fy, igys ge ,d vkO;wg dk lg[kaMt ifjHkkf"kr djsaxsA

4.6.1  vkO;wg dk lg[kaMt (Adjoint of a matrix)

ifjHkk"kk 3 ,d oxZ vkO;wg A = [aij] dk lg[kaMt] vkO;wg [Aij] osQ ifjorZ osQ :i esa ifjHkkf"kr gS]
tgk¡ Aij] vo;o aij  dk lg[kaM gSA vkO;wg A osQ lg[kaMt dks adj A osQ }kjk O;Dr djrs gSaA

eku yhft, A =
11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

  
  
  
    

 gSA

rc adj A =
11 12 13

21 22 23

31 32 33

A A A
A A A
A A A

  
  
  
    

dk ifjorZ
11 21 31

12 22 32

13 23 33

A A A
= A A A

A A A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 gksrk gSA

mnkgj.k 23 vkO;wg 
2 3

A =
1 4

  
  
  

 dk lg[kaMt Kkr dhft,A
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gy  ge tkurs gSa fd A11 = 4, A12 = –1, A21 = –3, A22 = 2

vr% adj A =
11 21

12 22

A A 4 –3
 =

A A –1 2
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

fVIi.kh  2 × 2 dksfV osQ oxZ vkO;wg A = 11 12

21 22

a a
a a
⎡ ⎤
⎢ ⎥
⎣ ⎦

 dk lg[kaMt adj A, a11 vkSj a22 dks ijLij

cnyus ,oa a12 vkSj a21 osQ fpÉ ifjofrZr dj nsus ls Hkh izkIr fd;k tk ldrk gS tSlk uhps n'kkZ;k

x;k gSA

 

ge fcuk miifÙk osQ fuEufyf[kr izes; fufnZ"V djrs gSaA

izes; 1 ;fn A dksbZ n dksfV dk vkO;wg gS rks] A(adj A) = (adj A) A = A I , tgk¡ I, n dksfV

dk rRled vkO;wg gSA

lR;kiu% eku yhft,

A =
11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

  
  
  
    

, gS rc 
11 21 31

12 22 32

13 23 33

A A A
A = A A A

A A A
adj

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

D;ksafd ,d iafDr ;k LraHk osQ vo;oksa dk laxr lg[kaMksa dh xq.kk dk ;ksx |A | osQ leku gksrk
gS vU;Fkk 'kwU; gksrk gSA

bl izdkj A (adj A) =

A 0 0
0 A 0
0 0 A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 = A  
1

0 0
0 0
0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

1

1  = A  I

blh izdkj] ge n'kkZ ldrs gSa fd (adj A) A = |A | I

vr% A (adj A) = (adj A) A = |A | I lR;kfir gSA
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ifjHkk"kk 4 ,d oxZ vkO;wg A vO;qRØe.kh; (singular) dgykrk gS ;fn A  = 0 gSA

mnkgj.k osQ fy, vkO;wg  A = 
1 2
4 8

  
  
  

 dk lkjf.kd 'kwU; gSA vr% A vO;qRØe.kh; gSA

ifjHkk"kk 5 ,d oxZ vkO;wg  A O;qRØe.kh; (non-singular) dgykrk gS ;fn A  ≠ 0

eku yhft, A = 
1 2
3 4

  
  
  

 gks rks A = 
1 2
3 4  = 4 – 6 = – 2 ≠ 0 gSA

vr% A O;qRØe.kh; gSA

ge fuEufyf[kr izes; fcuk miifÙk osQ fufnZ"V dj jgs gSaA

izes; 2 ;fn A rFkk B nksuksa ,d gh dksfV osQ O;qRØe.kh; vkO;wg gksa rks AB rFkk BA Hkh mlh
dksfV osQ O;qRØe.kh; vkO;wg gksrs gaSA

izes; 3 vkO;wgksa osQ xq.kuiQy dk lkjf.kd muosQ Øe'k% lkjf.kdksa osQ xq.kuiQy osQ leku gksrk

gS vFkkZr~ AB  = A  B , tgk¡ A rFkk B leku dksfV osQ oxZ vkO;wg gSaA

fVIi.kh ge tkurs gSa fd (adj A) A = A  I = 
A 0 0
0 A 0
0 0 A

  
  
  
    

nksuksa vksj vkO;wgksa dk lkjf.kd ysus ij]

( A) Aadj  =
A 0 0
0 A 0
0 0 A

vFkkZr~ |(adj A)| |A| =
3

1 0 0
A 0 1 0

0 0 1
(D;ksa?)

vFkkZr~ |(adj A)| |A| = 3A  (1)

vFkkZr~ |(adj A)| = 2A

O;kid #i ls] ;fn n dksfV dk ,d oxZ vkO;wg A gks rks | adjA| = |A |n – 1 gksxkA
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izes; 4 ,d oxZ vkO;wg A osQ O;qRØe dk vfLrRo gS] ;fn vkSj osQoy ;fn A O;qRØe.kh; vkO;wg gSA

miifÙk eku yhft, n dksfV dk O;qRØe.kh; vkO;wg A gS vkSj n dksfV dk rRled vkO;wg I gSA

rc n dksfV osQ ,d oxZ vkO;wg B dk vfLrRo bl izdkj gks rkfd AB = BA = I

vc AB = I  gS rks | AB | = | I |    ;k |A | |B | = 1    (D;ksafd | I | = 1, | AB | = |A | |B |)

blls izkIr gksrk gS |A | ≠ 0. vr% A O;qRØe.kh; gSA

foykser% eku yhft, A O;qRØe.kh; gSA rc |A | ≠ 0

vc A (adj A) = (adj A) A = A I (izes; 1)

;k A 
1 1A A A I

| A | | A |
adj adj⎛ ⎞ ⎛ ⎞= =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

;k AB = BA = I, tgk¡ B = 
1 A

| A |
adj

vr% A osQ O;qRØe dk vfLrRo gS vkSj A–1 = 
1 A

| A |
adj

mnkgj.k 24  ;fn A = 
1 3 3
1 4 3
1 3 4

  
  
  
    

 gks rks lR;kfir dhft, fd A. adj A = A . I vkSj A–1

Kkr dhft,A

gy  ge ikrs gSa fd A  = 1 (16 – 9) –3 (4 – 3) + 3 (3 – 4) = 1 ≠ 0

vc  A11 = 7,  A12 = –1, A13 = –1, A21 = –3, A22 = 1, A23 = 0, A31 = –3, A32 = 0, A33 = 1

blfy, adj A =

7 3 3
1 1 0
1 0 1

− −⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

vc A.(adj A) =

1 3 3 7 3 3
1 4 3 1 1 0
1 3 4 1 0 1

− −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
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=
7 3 3 3 3 0 3 0 3
7 4 3 3 4 0 3 0 3
7 3 4 3 3 0 3 0 4

          
            
            

=
1 0 0
0 1 0
0 0 1

  
  
  
    

 = (1)  
1 0 0
0 1 0
0 0 1

  
  
  
    

 = A . I

vkSj
1 1A A

A
adj    =

7 3 3
1 1 1 0
1

1 0 1

    
     
     

 

7 3 3
1 1 0
1 0 1

    
      
     

mnkgj.k 25  ;fn A = 
2 3 1 2

, B
1 4 1 3

     
           

, rks lR;kfir dhft, fd (AB)–1 = B–1A–1 gSA

gy ge tkurs gSa fd AB = 
2 3 1 2 1 5
1 4 1 3 5 14

− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

D;ksafd AB  = –11 ≠ 0, (AB)–1 dk vfLrRo gS vkSj bls fuEufyf[kr izdkj ls O;Dr fd;k

tkrk gSA

(AB)–1 = 
14 51 1. (AB)
5 1AB 11

adj
− −⎡ ⎤

=− ⎢ ⎥− −⎣ ⎦
 

14 51
5 111

⎡ ⎤
= ⎢ ⎥

⎣ ⎦

vkSj A  = –11 ≠ 0 o B  = 1 ≠ 0. blfy, A–1 vkSj B–1 nksuksa dk vfLrRo gS vkSj ftls

fuEufyf[kr :i esa O;Dr fd;k tk ldrk gSA

1 1
4 3 3 21A ,B
1 2 1 111

− −
− −⎡ ⎤ ⎡ ⎤

=− =⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

blfy, 1 1
3 2 4 31B A
1 1 1 211

  
      

           
 14 51

5 111
    

        
 14 51

5 111
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

vr% (AB)–1 = B–1 A–1 gSA
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mnkgj.k 26  iznf'kZr dhft, fd vkO;wg A = 
2 3
1 2

  
  
  

 lehdj.k A2 – 4A + I = O, tgk¡ I

2 × 2 dksfV dk ,d rRled vkO;wg gS vkSj O,   2 × 2  dksfV dk ,d 'kwU; vkO;wg gSA bldh
lgk;rk ls A–1 Kkr dhft,A

gy ge tkurs gSa fd 2 2 3 2 3 7 12
A A.A

1 2 1 2 4 7
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

vr% A2 – 4A + I =
7 12 8 12 1 0
4 7 4 8 0 1

      
        

      

0 0
O

0 0
⎡ ⎤

= =⎢ ⎥
⎣ ⎦

vc A2 – 4A + I = O
blfy, A A – 4A = – I
;k A  A (A–1) – 4 A A–1 = – I A–1 (nksuksa vksj A–1 ls mÙkj xq.ku }kjk D;ksafd |A| ≠ 0)
;k A (A A–1) – 4I = – A–1

;k AI – 4I = – A–1

;k A–1 = 4I – A  = 
4 0 2 3 2 3
0 4 1 2 1 2

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
− =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

vr% A–1 =
2 3
1 2

   
     

iz'ukoyh 4-5

iz'u 1 vkSj 2 esa izR;sd vkO;wg dk lg[kaMt (adjoint) Kkkr dhft,

1.
1 2
3 4

  
  
  

2.

1 1 2
2 3 5
2 0 1

   
  
  
     

iz'u 3 vkSj 4 esa lR;kfir dhft, fd A (adj A) = (adj A) .A = A . I gSA

3.
2 3
4 6

  
      

4.

1 1 2
3 0 2
1 0 3
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iz'u 5 ls 11 esa fn, x, izR;sd vkO;wgksa osQ O;qRØe (ftudk vfLrRo gks) Kkr dhft,A

5.
2 2
4 3

   
  
  

6.
1 5
3 2

   
     

7.

1 2 3
0 2 4
0 0 5

  
  
  
    

8.

1 0 0
3 3 0
5 2 1

  
  
  
     

9.

2 1 3
4 1 0
7 2 1

  
     
     

10.
1 1 2
0 2 3
3 2 4

   
     
     

11.

1 0 0
0 cos sin
0 sin cos

  
      
       

12. ;fn A = 
3 7
2 5

  
  
  

 vkSj B = 
6 8
7 9

  
  
  

 gS rks lR;kfir dhft, fd (AB)–1 = B–1 A–1 gSA

13. ;fn A = 
3 1
1 2

  
     

 gS rks n'kkZb, fd A2 – 5A + 7I = O gS bldh lgk;rk ls A–1 Kkr dhft,A

14. vkO;wg  A = 
3 2
1 1

  
  
  

 osQ fy, a vkSj b ,slh la[;k,¡ Kkr dhft, rkfd

A2 + aA + bI = O gksA

15. vkO;wg A = 
1 1 1
1 2 3
2 1 3

  
     
     

 osQ fy, n'kkZb, fd A3– 6A2 + 5A + 11 I = O  gSA

bldh lgk;rk ls A–1 Kkr dhft,A

16. ;fn A = 
2 1 1
1 2 1

1 1 2

   
      
     

, rks lR;kfir dhft, fd A3 – 6A2 + 9A – 4I = O gS rFkk

bldh lgk;rk ls A–1 Kkr dhft,A
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17. ;fn A,  3 × 3 dksfV dk oxZ vkO;wg gS rks |adj A | dk eku gS%

(A) | A | (B) | A |2 (C) | A |3 (D) 3 |A |

18. ;fn A dksfV nks dk O;qRØeh; vkO;wg gS rks  det (A–1) cjkcj%

(A) det (A) (B)
1

det (A) (C) 1 (D) 0

4.7  lkjf.kdksa vkSj vkO;wgksa osQ vuqiz;ksx (Applications of Determinants and
Matrices)

bl vuqPNsn esa ge nks ;k rhu vKkr jkf'k;ksa osQ jSf[kd lehdj.k fudk; osQ gy vkSj jSf[kd
lehdj.kksa osQ fudk; dh laxrrk dh tk¡p esa lkjf.kdksa vkSj vkO;wgksa osQ vuqiz;ksxksa dk o.kZu djsaxsA

laxr fudk;% fudk; laxr dgykrk gS ;fn blosQ gyksa (,d ;k vf/d) dk vfLrRo gksrk gSA

vlaxr fudk;% fudk; vlaxr dgykrk gS ;fn blosQ fdlh Hkh gy dk vfLrRo ugha gksrk gSA

B fVIi.kh  bl vè;k; esa ge vf}rh; gy osQ lehdj.k fudk; rd lhfer jgsaxsA

4.7.1  vkO;wg osQ O;qRØe }kjk jSf[kd lehdj.kksa osQ fudk; dk gy (Solution of a system
of linear equations using inverse of a matrix)

vkb, ge jSf[kd lehdj.kksa osQ fudk; dks vkO;wg lehdj.k osQ :i esa O;Dr djrs gSa vkSj vkO;wg
osQ O;qRØe dk iz;ksx djosQ mls gy djrs gSaA

fuEufyf[kr lehdj.k fudk; ij fopkj dhft,

a1 x + b1 y + c1 z = d 1

a2 x + b2 y + c2 z = d 2

a3 x + b3 y + c3 z = d 3

eku yhft,
1 1 1

2 2 2

3 3 3

A ,
a b c
a b c
a b c

  
     
    

 X =
1

2

3

B
x d
y d
z d

    
         
        

vkSj

rc lehdj.k fudk; AX = B osQ :i esa fuEufyf[kr izdkj ls O;Dr dh tk ldrh gSA

1 1 1

2 2 2

3 3 3

a b c x
a b c y
a b c z

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

 =
1

2

3

d
d
d

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
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fLFkfr 1 ;fn A ,d O;qRØe.kh; vkO;wg gS rc blosQ O;qRØe dk vfLrRo gSA vr% AX = B ls
ge ikrs gSa fd

A–1 (AX) = A–1 B (A–1 ls iwoZ xq.ku osQ }kjk)
;k (A–1A) X = A–1 B (lkgp;Z xq.ku }kjk)
;k I X = A–1 B
;k X = A–1 B

;g vkO;wg lehdj.k fn, x, lehdj.k fudk; dk vf}rh; gy iznku djrk gS D;ksafd ,d
vkO;wg dk O;qRØe vf}rh; gksrk gSA lehdj.kksa osQ fudk; osQ gy djus dh ;g fof/ vkO;wg fof/
dgykrh gSA

fLFkfr 2 ;fn A ,d vO;qRØe.kh; vkO;wg gS rc |A | = 0 gksrk gSA
bl fLFkfr esa ge (adj A) B Kkr djrs gSaA

;fn (adj A) B ≠ O, (O 'kwU; vkO;wg gS), rc dksbZ gy ugha gksrk gS vkSj lehdj.k fudk;
vlaxr dgykrh gSA

;fn (adj A) B = O, rc fudk; laxr ;k vlaxr gksxh D;ksafd fudk; osQ vuar gy gksaxs ;k
dksbZ Hkh gy ugha gksxkA

mnkgj.k 27 fuEufyf[kr lehdj.k fudk; dks gy dhft,%
2x + 5y = 1
3x + 2y = 7

gy lehdj.k fudk; AX = B osQ :i esa fy[kk tk ldrk gS] tgk¡

2 5 1
A , X B

3 2 7
               
      

x
y

vkSj

vc, A  = –11 ≠ 0, vr% A O;qRØe.kh; vkO;wg gS blfy, blosQ O;qRØe dk vfLrRo gSA vkSj
bldk ,d vf}rh; gy gSA

è;ku nhft, fd A–1 = – 
2 51
3 211

   
     

blfy, X = A–1B = – 
2 5 11
3 2 711

     
         

vFkkZr~
331

1111
x
y

     
      

    
 =

3
1

  
     

vr% x = 3, y = – 1
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mnkgj.k 28 fuEufyf[kr lehdj.k fudk;

3x – 2y + 3z = 8
2x + y – z = 1

4x – 3y + 2z = 4
dks vkO;wg fof/ ls gy dhft,A

gy lehdj.k fudk; dks AX = B osQ :i esa O;Dr fd;k tk ldrk gS tgk¡

3 2 3 8
A 2 1 1 , X B 1

4 3 2 4

       
                
             

x
y
z

vkSj

ge ns[krs gSa fd

A  = 3 (2 – 3) + 2(4 + 4) + 3 (– 6 – 4) = – 17 ≠ 0 gSA

vr% A O;qRØe.kh; gS] vkSj blosQ O;qRØe dk vfLrRo gSA

A11 = –1, A12 = – 8, A13 = –10
A21 = –5, A22 = – 6, A23 = 1
A31 = –1, A32 = 9, A33 = 7

blfy, A–1 =
1 5 1

1 8 6 9
17

10 1 7

− − −⎡ ⎤
⎢ ⎥− − −⎢ ⎥
⎢ ⎥−⎣ ⎦

vkSj X = –1

1 5 1 8
1A B = 8 6 9 1

17
10 1 7 4

− − −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥− − −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

vr%

x
y
z

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 =
17 1

1 34 2
17

51 3

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥− − =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

vr% x = 1, y = 2 o z = 3

mnkgj.k 29 rhu la[;kvksa dk ;ksx 6 gSA ;fn ge rhljh la[;k dks 3 ls xq.kk djosQ nwljh la[;k
esa tksM+ nsa rks gesa 11 izkIr gksrk gSA igyh vksj rhljh dks tksM+us ls gesa nwljh la[;k dk nqxquk izkIr
gksrk gSA bldk chtxf.krh; fu:i.k dhft, vkSj vkO;wg fof/ ls la[;k,¡ Kkr dhft,A
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gy eku yhft, igyh] nwljh o rhljh la[;k Øe'k% x, y vkSj  z, }kjk fu:fir gSA rc nh xbZ
'krks± osQ vuqlkj gesa izkIr gksrk gS%

x + y + z = 6
y + 3z = 11
x + z = 2y

;k x – 2y + z = 0
bl fudk; dks A X = B osQ :i esa fy[kk tk ldrk gS tgk¡

A = 
1 1 1
0 1 3
1 2 1

  
  
  
    –

, X = 
  
  
  
    

x
y
z

 vkSj  B = 
6

11
0

  
  
  
    

  gSA

;gk¡     A 1 1 6 0 1 3 1 9 0      –  gSA  vc ge adj A Kkr djrs gSaA

A11 = 1 (1 + 6) = 7, A12 = – (0 – 3) = 3, A13 = – 1
A21 = – (1 + 2) = – 3, A22 = 0, A23 = – (– 2 – 1) = 3
A31 = (3 – 1) = 2, A32 = – (3 – 0) = – 3, A33 = (1 – 0) = 1

vr%  adj A = 

7 –3 2
3 0 –3
–1 3 1

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

bl izdkj A –1 =
1
A  adj. (A) = 

7 3 2
1 3 0 3
9

1 3 1

–
–

–

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

D;ksafd X = A–1 B

X =
7 3 2 6

1 3 0 3 11
9

1 3 1 0

–
–

–

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

;k

  
  
  
    

x
y
z

 =
1
9  

42 33 0
18 0 0

6 33 0

− +⎡ ⎤
⎢ ⎥+ +⎢ ⎥
⎢ ⎥− + +⎣ ⎦

 = 
1
9  

9
18
27

  
  
  
    

 = 

1
2
3

  
  
  
    

vr% x = 1, y = 2, z = 3
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iz'ukoyh 4-6

fuEufyf[kr iz'uksa 1 ls 6 rd nh xbZ lehdj.k fudk;ksa dk laxr vFkok vlaxr osQ :i esa oxhZdj.k

dhft,

1. x + 2y = 2 2. 2x – y = 5 3. x + 3y = 5
2x + 3y = 3 x + y = 4 2x + 6y = 8

4. x + y + z = 1 5. 3x–y – 2z = 2 6. 5x – y + 4z = 5
2x + 3y + 2z = 2 2y – z = –1 2x + 3y + 5z = 2
ax + ay + 2az = 4 3x – 5y = 3 5x – 2y + 6z = –1

fuEufyf[kr iz'u 7 ls 14 rd izR;sd lehdj.k fudk; dks vkO;wg fof/ ls gy dhft,A

7. 5x + 2y = 4 8. 2x – y = –2 9. 4x – 3y = 3
7x + 3y = 5 3x + 4y = 3 3x – 5y = 7

10. 5x + 2y = 3 11. 2x + y + z = 1 12. x – y + z = 4

3x + 2y = 5 x – 2y – z = 
3
2 2x + y – 3z = 0

3y – 5z = 9 x + y + z = 2
13. 2x + 3y +3 z = 5 14. x – y + 2z = 7

x – 2y + z = – 4 3x + 4y – 5z = – 5
3x – y – 2z = 3 2x – y + 3z = 12

15. ;fn A = 

2 3 5
3 2 4
1 1 2

–
–
–

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

  gS rks A–1 Kkr dhft,A A–1 dk iz;ksx djosQ fuEufyf[kr

lehdj.k fudk; dks gy dhft,A

2x – 3y + 5z = 11
3x + 2y – 4z = – 5
x + y – 2z = – 3

16. 4 kg I;kt] 3 kg xsgw¡ vkSj 2 kg pkoy dk ewY; Rs 60 gSA 2 kg I;kt] 4 kg xsgw¡ vkSj
6 kg pkoy dk ewY; Rs 90 gSA 6 kg I;kt] 2 kg vkSj 3 kg pkoy dk ewY;

Rs 70 gSA vkO;wg fof/ }kjk izR;sd dk ewY; izfr kg  Kkr dhft,A
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fofo/ mnkgj.k

mngkj.k 30 ;fn a, b, c /ukRed vkSj fHkUu gSa rks fn[kkb, fd lkjf.kd

Δ = 
a b c
b c a
c a b

 dk eku ½.kkRed gSA

gy C1 → C1 + C2 + C3 dk iz;ksx djus ij

Δ =
a b c b c
a b c c a
a b c a b

+ +
+ +
+ +

 = (a + b + c) 
1
1
1

b c
c a
a b

= (a + b + c) 
1
0
0

b c
c – b a – c
a – b b – c

(R2→ R2–R1,vkSj R3→R3–R1 dk iz;ksx djus ij)

= (a + b + c) [(c – b) (b – c) – (a – c) (a – b)]   (C1 osQ vuqfn'k izlj.k djus ij)
= ( a + b + c)(– a2 – b2 – c2 + ab + bc + ca)

=
1

2
–

 (a + b + c) (2a2 + 2b2 + 2c2 – 2ab – 2bc – 2ca)

=
1

2
–

 (a + b + c) [(a – b)2 + (b – c)2
 + (c – a)2]

tks ½.kkRed gS ( D;ksafd a + b + c > 0 vkSj (a – b)2  + (b – c)2
 + (c – a)2

 > 0)

mnkgj.k 31 ;fn  a, b, c, lekarj Js<+h esa gkas rks fuEufyf[kr lkjf.kd dk eku Kkr dhft,

Δ =
2 4 5 7 8
3 5 6 8 9
4 6 7 9 10

y y y a
y y y b
y y y c

+ + +
+ + +
+ + +

gy   R1 → R1 + R3 – 2R2 dk iz;ksx djus ij

Δ =

0 0 0
3 5 6 8 9
4 6 7 9 10

y y y b
y y y c
+ + +
+ + +

 = 0 (D;ksafd 2b = a + c)
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mnkgj.k 32 n'kkZb, fd lkjf.kd

Δ =

( )
( )

( )

2

2

2

y z xy zx

xy x z yz

xz yz x y

+

+

+
= 2xyz (x + y + z)3

gy   lkjf.kd esa R1 → xR1, R2 → yR2 , R3 → zR3 dk iz;ksx djus vkSj xyz, ls Hkkx djus ij
ge izkIr djrs gSa fd lkjf.kd

Δ =

  
  

  

2 2 2

22 2

22 2

1
 

 

 

x y z x y x z

xy y x z y z
xyz

xz yz z x y

C1 , C2 vkSj C3 ls Øe'k% x, y, z mHk;fu"B ysus ij]

Δ =

( )
( )

( )

2 2 2

22 2

22 2

y z x x
xyz y x z y
xyz

z z x y

+

+

+

C2 → C2– C1, C3 → C3– C1, dk iz;ksx djus ij ge izkIr djrs gSa fd

Δ =

( ) ( ) ( )
( )

( )

2 2 22 2

22 2

22 2

–

0

0 –

y z x y z x y z

y x z y

z x y z

+ + − +

+ −

+

vc C2 vkSj C3 ls (x + y + z) mHk;fu"B ysus ij] izkIr lkjf.kd

Δ = (x + y + z)2 
( ) ( ) ( )

( )
( )

2

2

2

y
0

0

z x – y z x – y z
y x z – y
z x y – z

+ + +
+

+

R1 → R1 – (R2 + R3) dk iz;ksx djus ij ge fuEufyf[kr lkjf.kd izkIr djrs gaS

Δ = (x + y + z)2  
2

2

2 2 2
+ 0

0 – z

yz – z – y
y x y z
z x y

−
+
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C2 → (C2 + 
1
y

 C1) vkSj 3 3 1

1C C C        z
dk iz;ksx djus ij izkIr lkjf.kd

Δ = (x + y + z)2  

2
2

2
2

2 0 0yz
yy x z
z

zz x y
y

 

 

R1 osQ vuqfn'k izlj.k djus ij

Δ = (x + y + z)2 (2yz) [(x + z) (x + y) – yz] = (x + y + z)2 (2yz) (x2 + xy + xz)

   = (x + y + z)3 (2xyz) izkIr gksrk gSA

mnkgj.k 33 vkO;wgksa osQ xq.kuiQy 

1 1 2 2 0 1
0 2 3 9 2 3
3 2 4 6 1 2

    
    
    
        

– –
– –

– –
 dk iz;ksx djrs gq, fuEufyf[kr

lehdj.k fudk; dks gy dhft,%

x – y + 2z = 1
2y – 3z = 1

3x – 2y + 4z = 2

gy  fn;k x;k xq.kuiQy 
1 1 2 2 0 1
0 2 3 9 2 3
3 2 4 6 1 2

– –
– –

– –

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= 
2 9 12 0 2 2 1 3 4
0 18 18 0 4 3 0 6 6
6 18 24 0 4 4 3 6 8

− − + − + + −⎡ ⎤
⎢ ⎥+ − + − − +⎢ ⎥
⎢ ⎥− − + − + + −⎣ ⎦

 = 
1 0 0
0 1 0
0 0 1

  
  
  
    

vr%

11 1 2 2 0 1
0 2 3 9 2 3
3 2 4 6 1 2

    
         
        

–– –
– –

– –
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vc fn, x, lehdj.k fudk; dks vkO;wg osQ :i fuEufyf[kr :i esa fy[kk tk ldrk gS

1 –1 2 1
0 2 –3 1
3 –2 4 2

x
y
z

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

;k
  
  
  
    

x
y
z

 =

11 1 2 1
0 2 3 1
3 2 4 2

−−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

 = 
2 0 1

9 2 3
6 1 2

  
  
  
    

–
–
–

  

1
1
2

  
  
  
    

=

2 0 2 0
9 2 6 5
6 1 4 3

− + +⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥+ − =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥+ −⎣ ⎦ ⎣ ⎦

vr% x = 0, y = 5 vkSj z = 3
mnkgj.k 34 fl¼ dhft, fd lkjf.kd

Δ = 2(1 )
a bx c dx p qx a c p

ax b cx d px q x b d q
u v w u v w

   
     

gy  lkjf.kd Δ ij R1 → R1 – x R2 dk iz;ksx djus ij gesa

D =

2 2 2(1 ) (1 ) (1 )a x c x p x
ax b cx d px q

u v w

   
    izkIr gksrk gS

= 2(1 )
a c p

x ax b cx d px q
u v w

    

R2 → R2 – x R1, dk iz;ksx djus ij gesa lkjf.kd

Δ = 2(1 )
a c p

x b d q
u v w

  izkIr gksrk gSA
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vè;k; 4 ij fofo/ iz'ukoyh

1. fl¼ dhft,  fd lkjf.kd

sin cos
–sin – 1
cos 1

x
x

x

θ θ
θ
θ

, θ ls Lora=k gSA

2. lkjf.kd dk izlj.k fd, fcuk fl¼ dhft, fd   

2 2 3

2 2 3

2 2 3

1
1
1

 
a a bc a a
b b ca b b
c c ab c c

3.  
cos cos cos sin – sin

– sin cos 0
sin cos sin sin cos

α β α β α
β β

α β α β α
 dk eku Kkr dhft,A

4. ;fn  a, b vkSj c okLrfod la[;k,¡ gks vkSj lkjf.kd

Δ = 0
b c c a a b
c a a b b c
a b b c c a

   
    
   

gks rks n'kkZb, fd ;k rks a + b + c = 0 ;k a = b = c gSA

5. ;fn a ≠ 0 gks rks lehdj.k 0
x a x x

x x a x
x x x a

+
+ =

+
dks gy dhft,A

6. fl¼ dhft, fd 

2 2

2 2

2 2

 
 

 

a bc ac c
a ab b ac

ab b bc c
 =  4a2b2c2

7. ;fn A–1 =   1

3 1 1 1 2 2
15 6 5 B 1 3 0 AB
5 2 2 0 2 1

– –
– – – ,

– –

 

    
         
        

vkSj gk s rks dk eku Kkr dhft,A
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8. eku yhft,  A = 
1 2 1
2 3 1

1 1 5

  
  
  
    

–
–  gks rks lR;kfir dhft, fd

(i) [adj A]–1 = adj (A–1) (ii) (A–1)–1 = A

9.  
x y x y
y x y x

x y x y

+
+

+
dk eku Kkr dhft,A

10.   
1
1
1

x y
x y y

x x+ y
+ dk eku Kkr dhft,A

lkjf.kdksa osQ xq.k/eks± dk iz;ksx djosQ fuEufyf[kr 11 ls 15 rd iz'uksa dks fl¼ dhft,%

11.

2

2

2

α α β + γ
β β γ + α
γ γ α +β

 = (β – γ)  (γ – α) (α – β)  (α + β + γ)

12.

2 3

2 3

2 3

1
1
1

 
 
 

x x px
y y py
z z pz

 = (1 + pxyz) (x – y) (y – z) (z – x),

13.
3

3
a 3c

a – a+b – a+ c
–b a b – b c
– c – c+b

+ +
+

 = 3(a + b + c) (ab + bc + ca)

14.

1 1 1
2 3 2 4 3 2
3 6 3 10 6 3

p p q
p p q
p p q

+ + +
+ + +
+ + +

 = 1
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15.
( )
( )
( )

sin cos cos
sin cos cos 0
sin cos cos

α α α + δ
β β β + δ =
γ γ γ + δ

16. fuEufyf[kr lehdj.k fudk; dks gy dhft,

2 3 10 4   
x y z

4 6 5 1  –
x y z

6 9 20 2  –
x y z

fuEufyf[kr iz'uksa 17 ls 19 esa lgh mÙkj dk pquko dhft,A

17. ;fn a, b, c, lekarj Js<+h esa gksa rks lkjf.kd

2 3 2
3 4 2
4 5 2

x x x a
x x x b
x x x c

+ + +
+ + +
+ + +

 dk eku gksxk%

(A) 0 (B) 1 (C) x (D) 2x

18. ;fn  x, y, z 'kwU;srj okLrfod la[;k,¡ gksa rks vkO;wg 

0 0
A 0 0

0 0

x
y

z

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 dk O;qÙØe gS%

(A)

1

1

1

0 0

0 0

0 0

x

y

z

−

−

−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

(B)

1

1

1

0 0

0 0

0 0

x

xyz y

z

−

−

−

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

(C)
0 0

1 0 0
0 0

x
y

xyz
z

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

(D)
1 0 0

1 0 1 0
0 0 1

xyz

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
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19. ;fn  A = 
1 sin 1

sin 1 sin
1 sin 1

θ⎡ ⎤
⎢ ⎥− θ θ⎢ ⎥
⎢ ⎥− − θ⎣ ⎦

, tgk¡ 0 ≤ θ ≤ 2π gks rks%

(A) det (A) = 0 (B) det (A) ∈ (2, ∞)
(C) det (A) ∈ (2, 4) (D) det (A) ∈ [2, 4].

lkjka'k

vkO;wg 11 1 1A [ ]a    dk lkjf.kd 11 111 1a a  osQ }kjk fn;k tkrk gSA

vkO;wg 11 12

21 22
A

a a
a a

  
   

  
 dk lkjf.kd

11 12

21 22
A

a a
a a

= = a11 a22 – a12 a21 osQ }kjk fn;k tkrk gSA

vkO;wg 
1 1 1

2 2 2

3 3 3

A
a b c
a b c
a b c

  
     
    

 osQ lkjf.kd dk eku (R1 osQ vuqfn'k izlj.k ls) fuEufyf[kr

:i }kjk fn;k tkrk gSA

1 1 1
2 2 2 2 2 2

2 2 2 1 1 1
3 3 3 3 3 3

3 3 3

A
a b c

b c a c a b
a b c a b c

b c a c a b
a b c

= = − +

fdlh oxZ vkO;wg A osQ fy,] |A| fuEufyf[kr xq.k/eks± dks larq"V djrk gSA

A = A , tgk¡  A = A dk ifjorZ gSA

;fn ge nks iafDr;ksa ;k LraHkksa dks ijLij cny nsa rks lkjf.kd dk fpÉ cny tkrk gSA

;fn lkjf.kd dh dksbZ nks iafDr ;k LraHk leku ;k lekuqikrh gksa rks lkjf.kd dk eku
'kwU; gksrk gSA

;fn ge ,d lkjf.kd dh ,d iafDr ;k LraHk dks vpj   k, ls xq.kk dj nsa rks lkjf.kd
dk eku k xquk gks tkrk gSA
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,d lkjf.kd dks  k ls xq.kk djus dk vFkZ gS fd mlosQ vanj osQoy fdlh ,d iafDr
;k LraHk osQ vo;oksa dks  k ls xq.kk djukA

;fn 3
3 3A [ ] , .A A   ija k krks

;fn ,d lkjf.kd osQ ,d iafDr ;k LraHk osQ vo;o nks ;k vf/d vo;oksa osQ ;ksx osQ
:i esa O;Dr fd, tk ldrs gksa rks ml fn, x, lkjf.kd dks nks ;k vf/d lkjf.kdksa
osQ ;ksx osQ :i esa O;Dr fd;k tk ldrk gSA

;fn ,d lkjf.kd osQ fdlh ,d iafDr ;k LraHk osQ izR;sd vo;o osQ lexq.kt vU; iafDr
;k LraHk osQ laxr vo;oksa esa tksM+ fn, tkrs gSa rks lkjf.kd dk eku vifjofrZr jgrk gSA

(x1, y1), (x2, y2) vkSj  (x3, y3) 'kh"kks± okyh f=kHkqt dk {ks=kiQy fuEufyf[kr :i }kjk
fn;k tkrk gS%

1 1

2 2

3 3

1
1 1
2

1

x y
x y
x y

Δ=

fn, x, vkO;wg A osQ lkjf.kd osQ ,d vo;o  aij dk milkjf.kd] i oha iafDr vkSj
j oka LraHk gVkus ls izkIr lkjf.kd gksrk gS vkSj bls Mij }kjk O;Dr fd;k tkrk gSA

aij dk lg[kaM Aij = (– 1)i+j Mij }kjk fn;k tkrk gSA

A osQ lkjf.kd dk eku A = a11 A11 + a12 A12 + a13 A13 gS vkSj bls ,d iafDr ;k

LraHk osQ vo;oksa vkSj muosQ laxr lg[kaMksa osQ xq.kuiQy dk ;ksx djosQ izkIr fd;k tkrk
gSA

;fn ,d iafDr (;k LraHk) osQ vo;oksa vkSj vU; nwljh iafDr (;k LraHk) osQ lg[kaMksa
dh xq.kk dj nh tk, rks mudk ;ksx 'kwU; gksrk gS mnkgj.kr;k

a11 A21 + a12 A22 + a13 A23 = 0

;fn vkO;wg 
11 12 13

21 22 23

31 32 33

A ,
a a a
a a a
a a a

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

 rks lg[kaMt 
11 21 31

12 22 32

13 23 33

A A A
A A A A

A A A
adj

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

gksrk

gS] tgk¡ aij  dk lg[kaM Aij gSA

A (adj A) = (adj A) A = A I, tgk¡  A,  n dksfV dk oxZ vkO;wg gSA

;fn dksbZ oxZ vkO;wg Øe'k% vO;qRØe.kh; ;k O;qRØe.kh; dgykrk gS ;fn A  = 0
;k A  ≠ 0
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;fn  AB = BA = I, tgk¡  B ,d oxZ vkO;wg gS rc  A dk O;qRØe B gksrk gS  vkSj
A–1 = B ;k  B–1 = A vkSj blfy,  (A–1)–1 = A
fdlh oxZ vkO;wg A dk O;qRØe gS ;fn vkSj osQoy ;fn  A O;qRØe.kh; gSA

–1 1A ( A)
A

adj 

;fn a1 x + b1 y + c1 z = d1

a2 x + b2 y + c2 z = d2
a3 x + b3 y + c3 z = d3

rc bu lehdj.kksa dks  A X = B osQ :i esa fy[kk tk ldrk gSA

tgk¡  
1 1 1 1

2 2 2 2

3 3 3 3

A ,X = B=
a b c x d
a b c y d
a b c z d

      
             
            

vkSj

lehdj.k AX = B dk vf}rh; gy X = A–1 B }kjk fn;k tkrk gS tgk¡   
A 0 

lehdj.kksa dk ,d fudk; laxr ;k vlaxr gksrk gS ;fn blosQ gy dk vfLrRo gS vFkok
ugha gSA
vkO;wg lehdj.k AX = B esa ,d oxZ vkO;wg A osQ fy,

(i) ;fn A 0 , rks vf}rh; gy dk vfLrRo gSA

(ii) ;fn A = 0 vkSj  (adj A) B ≠ O, rks fdlh gy dk vfLrRo ugha gSA

(iii) ;fn A = 0 vkSj  (adj A) B = O, rks fudk; laxr ;k vlaxr gksrh gSA

,sfrgkfld i`"BHkwfe

x.kuk cksMZ ij NM+ksa dk iz;ksx djosQ oqQN jSf[kd lehdj.kksa dh vKkr jkf'k;ksa osQ
xq.kkadksa dks fu:fir djus dh phuh fof/ us okLro esa foyksiu dh lk/kj.k fof/ dh [kkst
djus esa lgk;rk dh gSA NM+ksa dh O;oLFkk Øe ,d lkjf.kd esa la[;kvksa dh mfpr O;oLFkk
Øe tSlh FkhA blfy, ,d lkjf.kd dh ljyhdj.k esa LraHkksa ;k iafDr;ksa osQ ?kVkus dk fopkj
mRiUu djus esa phuh izFke fopkjdksa esa Fks (‘Mikami, China, pp 30, 93).

l=kgoha 'krkCnh osQ egku tkikuh xf.krK  Seki Kowa  }kjk 1683 esa fyf[kr iqLrd
'Kai Fukudai no Ho' ls Kkr gksrk gS fd mUgsa lkjf.kdksa vkSj muosQ izlkj dk Kku FkkA ijarq
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mUgksaus bl fof/ dk iz;ksx osQoy nks lehdj.kksa ls ,d jkf'k osQ foyksiu esa fd;k ijarq ;qxir
jSf[kd lehdj.kksa osQ gy Kkr djus esa bldk lh/k iz;ksx ugha fd;k FkkA ‘T. Hayashi,
“The Fakudoi and Determinants in Japanese Mathematics,” in the proc. of the
Tokyo Math. Soc., V.

Vendermonde igys O;fDr Fks ftUgksusa lkjf.kdksa dks Lora=k iQyu dh rjg ls igpkuk
bUgsa fof/or bldk vUos"kd (laLFkkid) dgk tk ldrk gSA Laplace (1772) us lkjf.kdksa
dks blosQ iwjd milkjf.kdksa osQ :i esa O;Dr djosQ izlj.k dh O;kid fof/ nhA 1773 esa
Lagrange us nwljs o rhljs Øe osQ lkjf.kdksa dks O;oâr fd;k vkSj lkjf.kdksa osQ gy osQ
vfrfjDr mudk vU;=k Hkh iz;ksx fd;kA 1801 esa Gauss us la[;k osQ fl¼karksa esa lkjf.kdksa
dk iz;ksx fd;kA

vxys egku ;ksxnku nsus okys Jacques - Philippe - Marie Binet, (1812) Fks ftUgksaus
m-LraHkksa vkSj n-iafDr;ksa osQ nks vkO;wgksa osQ xq.kuiQy ls lacaf/r izes; dk mYys[k fd;k tks
fo'ks"k fLFkfr m = n esa xq.kuiQy izes; esa cny tkrh gSA

mlh fnu Cauchy (1812) us Hkh mlh fo"k;&oLrq ij 'kks/ izLrqr fd,A mUgksaus vkt
ossQ O;kogkfjd lkjf.kd 'kCn dk iz;ksx fd;kA mUgksaus Binet ls vf/d larq"V djus okyh
xq.kuiQy izes; dh miifÙk nhA

bu fl¼karksa ij egkure ;ksxnku okys Carl Gustav Jacob Jacobi FksA blosQ i'pkr
lkjf.kd 'kCn dks vafre Loho`Qfr izkIr gqbZA
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